Nearly 100 low-, moderately high-, and high-lying singly and doubly excited states of He, Li, and Be have been calculated using a nonvariational, work-function-based exchange potential within the nonrelativistic Hohenberg-Kohn-Sham density-functional theory ͑DFT͒. The nonlinear gradient included in the Lee-Yang-Parr correlation functional is used to incorporate the correlation potential. The generalized pseudospectral method is used for nonuniform and optimal spatial grid discretization and solution of the Kohn-Sham equation to obtain accurate eigenvalues, expectation values, and radial densities for both ground and excited states. The results are compared with the available theoretical and experimental data. The discrepancy in the calculated singly excited state energies is within about 0.01% for He ͑for other atoms, it is less than 0.2%͒, while that for the doubly excited states of He is well within 3.6%. The deviations in the calculated single-and doubleexcitation energies for 31 selected states are in the error ranges 0.009-0.632 % and 0.085-1.600 %, respectively. The overall agreement of the present results is quite gratifying, especially in the light of DFT's difficulties in dealing with excited states. The exchange-only results are practically of Hartree-Fock quality, and the correlation-included results are usually slightly overestimated. The present method offers a simple, computationally efficient and general scheme for accurate calculation of multiply excited Rydberg states within DFT.
I. INTRODUCTION
In the past decades density-functional theory ͑DFT͒ ͓1,2͔ has found wide applications in many areas in theoretical physics and chemistry, especially in the electronic structure calculations of atoms, molecules, and solids ͓3,4͔. However, the majority of the applications are restricted to the ground states. There are several problems associated with the calculation of excited states within DFT, viz., the complete abandoning of the state-function concept, the unavailability of the Hohenberg-Kohn theorem for a general excited state parallel to the ground state, and the lack of accurate exchangecorrelation ͑XC͒ energy density functionals, etc. Moreover, while the highest-occupied orbital energy corresponds to the negative of the ionization potential ͑for well-behaved potentials vanishing at infinity͒, energies of other occupied and unoccupied orbitals have no rigorous correspondence to the excitation energies. Nevertheless, it has been shown recently ͓5͔ that the unoccupied true Kohn-Sham eigenvalues can also provide good excitation energies ͑which the commonly used approximate density functionals usually do not satisfy͒, of course, not to mention the cumbersome wave function and Hamiltonian orthogonality requirements met in any quantum mechanical calculations of excited states. Nevertheless, numerous attempts ͓͑3͔; see ͓6͔ for a review͒ have been made in this direction over the years; e.g., the ensemble densityfunctional method ͓7-11͔, the method based on partitioning of the wave function ͓12͔, the time-dependent ͑TD͒ DFT approach ͓13-16͔, etc. Although good results have been reported for singly excited states of low-lying states, to our knowledge, few results exist for multiply excited states, e.g., the doubly, and triply excited states, particularly those involving Rydberg excitation of many-electron systems, using these methods.
Recently, an exchange potential based on the workfunction approach ͓17,18͔ was proposed for excited state calculation in many-electron atomic systems. The method is simple, computationally efficient, and has shown considerable success for some singly, doubly, and triply excited states, low and moderately high states, and valence and core excitations, as well as the autoionizing and satellite states ͓͑19-23͔; see ͓6͔ for a review͒. The work-function formalism is not derived from the usual variational principle for energy in the sense that the exchange potential is not expressible as ␦E x ͓͔/␦ ͓as in the usual Kohn-Sham ͑KS͒ DFT͔; rather, it is based on the physical interpretation that the electron moves in the electrostatic potential arising from the Fermi hole charge distribution. Further, it has been shown ͓24͔ that the spin-polarized version of the workfunction exchange potential can be obtained as an approximation to the accurate spin-polarized X-only KS potential, viz., the approximate optimized effective potential ͑OEP͒. This approximate OEP is an accurate representation of the exact numerically derived X-only OEP, obtained analytically based on the Green's function analysis of the OEP integral equation. It satisfies many key analytic features of the exact KS potential, viz., it reduces to the exact KS result in the inhomogeneous electron-gas limit, approaches Ϫ1/r as r goes to infinity, obeys Koopman's theorem, etc.
All the previous DFT calculations ͓6,19-23͔ using the work-function approach, however, have employed a Numerov-type finite-difference ͑FD͒ scheme for the discretization of the spatial coordinates and the solution of the Kohn-Sham equation. Due to the existence of the Coulomb singularity at the origin and the long range nature of the Coulomb potential, the FD method requires a large number of grid points to achieve reasonable accuracy even for ground state calculations. In this article, we employ a different numerical method, namely, the generalized pseudospec-tral ͑GPS͒ procedure ͓25-27͔, to achieve high accuracy as well as to facilitate the Rydberg state calculations. The GPS method allows nonuniform spatial grid discretization and considerably more accurate calculations of eigenvalues and wave functions using only a modest number of grid points. The GPS method and its time-dependent extension ͓28͔ have been applied successfully to the study of electronic structure ͓29͔, and multiphoton dynamics of many-electron atoms and molecules in intense laser fields ͓30,31͔, as well as to the study of high resolution spectroscopy of Rydberg H atoms in external fields ͓32͔. The main motivation of this article is to explore the feasibility of extending the GPS method and the work-function formalism for accurate DFT calculation of singly and doubly excited states, especially those highly excited Rydberg states that have not been achieved before within DFT. While in the present work we report results only for singly and doubly excited states, there are reasons to hope that this procedure should be equally accurate and applicable for other excitations, e.g., the triply and quadruply excited states, satellites, etc., as well.
The layout of the paper is as follows. Section II gives an outline of the formalism along with the numerical method employed. Section III presents a discussion on the results while Sec. IV makes a few concluding remarks.
II. METHODOLOGY
In this section, we first outline the work-function methodology for the excited states. Then we present the generalized pseudospectral method for the solution of the KS equation.
Assuming that a unique local exchange potential exists for a particular excited state, one can physically interpret ͓17,18͔ it as the work required to move an electron against the electric field E x (r) arising out of the Fermi hole charge distribution. The electric field, as such, is given by ͑atomic units employed unless otherwise mentioned͒
The exchange potential with which the electrons move is then given by the line integral
The work v x (r) against the force field due to the Fermi hole charge can be determined exactly since the Fermi hole is known explicitly in terms of orbitals as x ͑ r,rЈ͒ϭϪ ͉␥͑r,rЈ͉͒ 
͑4͒
Here ␥(r,rЈ) is the single-particle density matrix spherically averaged over electronic coordinates for a given orbital angular quantum number, i (r)ϭR nl (r)Y lm (⍀) is the singleparticle orbital, and (r) is the total electron density expressed in terms of the occupied orbitals,
For spherically symmetric systems, Eq. ͑1͒ can be simplified as ͓18͔
Using the expansion
we obtain l,m,nЈ,lЈ,mЈ,lЉ 
where R nl (r) denotes the radial part of the single-particle orbitals and the C's are the Clebsch-Gordan coefficients ͓33͔. Now the integral in Eq. ͑2͒ can be written as an integral over the radial coordinate only,
While the exchange potential v x (r) can be accurately calculated, the correlation potential v c (r) is unknown and must be approximated. In the present calculation, we have used the generalized gradient-corrected correlation energy functional of Lee, Yang, and Parr ͑LYP͒ ͓34͔. With this choice of v x (r) and v c (r), the following KS-type differential equation is solved:
where v es (r) is the usual Hartree electrostatic potential including electron-nuclear attraction and inter-electronic Coulomb repulsion, and v xc (r)ϭv x (r)ϩv c (r).
In this work, we extend the generalized pseudospectral method for the nonuniform and optimal spatial discretization and solution of the KS equation, Eq. ͑9͒. The procedure has been demonstrated to be capable of providing high precision solutions for the eigenvalues and wave functions for the study of electronic structure ͓29͔, multiphoton processes in strong fields ͓27,28,30,31͔, and Rydberg atom spectroscopy and dynamics ͓32͔. In addition, the GPS method is computationally orders of magnitude faster than the equal-spacing FD methods. In the following, we briefly outline the GPS procedure appropriate for the present DFT study.
The main feature of the pseudospectral method is to approximate an exact function f (x) defined on the interval ͓Ϫ1,1͔ by the Nth-order polynomial f N (x),
and ensure the approximation to be exact at the collocation points x j ,
The present work employs the Legendre pseudospectral method where x 0 ϭϪ1, x N ϭ1, and x j ( jϭ1, . . . ,NϪ1) are determined by the roots of the first derivative of the Legendre polynomial P N (x) with respect to x, namely,
͑12͒
In Eq. ͑10͒, g j (x) are the cardinal functions defined by
and they satisfy the unique property
The eigenvalue problem for the radial KS-type equation
for the structure and dynamics calculations involving a Coulomb potential typically has a singularity problem at rϭ0, and long-range Ϫ1/r behavior. This usually requires a large number of grid points in the equal-spacing finite-difference methods, which are not feasible to extend to Rydberg state calculations. This can be overcome by first mapping the semi-infinite domain r͓0,ϱ͔ into the finite domain x ͓Ϫ1,1͔ by the mapping transformation rϭr(x) and then using the Legendre pseudospectral discretization technique. We use the following algebraic nonlinear mapping ͓25,26͔:
where L and ␣ϭ2L/r max are the mapping parameters. Introducing
and following the symmetrization procedure ͓25,26͔, we obtain the transformed Hamiltonian as
where
.
͑19͒
This leads to a symmetric matrix eigenvalue problem. Note that for the mapping used in Eq. ͑16͒ V m (x)ϭ0. Therefore discretizing the Hamiltonian by the generalized pseudospectral method leads to the following set of coupled equations:
Here D j Ј j (2) represents the symmetrized second derivative of the cardinal function with respect to r,
͑23͒
Equations ͑1͒ and ͑2͒ dictate the exchange potential for a particular atomic electronic configuration. Equation ͑9͒ is then numerically solved to achieve a self-consistent set of orbitals, using the GPS method. These orbitals are used to construct various Slater determinants arising out of that particular electronic configuration and its energies computed in the usual manner. If E(D i ) and E(M i ) denote the energies of different determinants and multiplets, respectively, corresponding to a given configuration, then multiplet energies are calculated by following the diagonal sum rule ͓8,19-23͔
As an example, consider the calculation of individual multiplets corresponding to the nsnp configuration, which has associated with it 12 different determinants for the three different values (ϩ1,0,Ϫ1) of ͚m l and ͚m s . Of these, there is a single determinant corresponding to ͚m l ϭ ͚m s ϭ1; this is the 3 P term. There are two determinants for ͚m l ϭ1 and ͚m s ϭ0. The sum of these two determinants' energy equals the sum of the 3 P and 1 P terms. Hence the energy of the 1 P term can be obtained by simply subtracting the 3 P term energy from the above sum.
Two sets of calculations are performed for the singly excited states; the solution of Eq. ͑9͒ with v xc ϭv x and v xc ϭv x ϩv c (v LY P ). For the doubly excited states we present only the second set. The convergence criteria for the potential and energy are 10 Ϫ6 and 10 Ϫ8 a.u., respectively. In our calculations, up to 500 radial grid points are used to achieve convergence.
III. RESULTS AND DISCUSSION
First we make a comparison of our ground state exchange-͑X-͒only results with the Hartree-Fock ͑HF͒ theory. Nonrelativistic ground state energies and highestoccupied orbital energies are presented for He, Be, Ne, Mg, and Ar along with the HF data ͓35͔ in Table I . The numbers in parentheses denote the absolute percentage deviations with respect to the HF results. While the total ground state energies have never fallen below the HF results, the ionization potentials show both positive and negative deviations. The agreement of the calculated results with the HF values is generally excellent. The deviations in energy range from 0.0021% to 0.0035%, whereas those for the ionization potentials go from 0.000% to 1.383%.
Considerable attention has been paid by both experimentalists and theoreticians ͑using ab initio multiconfiguration interaction methods͒ to the study of the excited states of many-electron systems, especially for low-Z atomic systems. Some of these literature data will be used to calibrate the accuracy of our results. As the present X-only results are quite accurate and should be comparable to the HF results, to put our results in proper perspective, for singly excited states, we have presented the individual state energies computed from two sets of calculations, namely, the X-only and with both exchange and correlation included, with the aim of isolating the errors generated by the approximation in the correlation functional. However, for the doubly excited states studied in this work, we could not find suitable literature data for direct comparison with the X-only results; accordingly they are omitted, and only the XC results will be presented. Comparisons have been made with the best available experimental and theoretical results, as well as with the HF data, wherever possible. Table II reports the results for the 1sns(nϭ2Ϫ16) triplet S states of He. For 1s2s 3 S state, the X-only result is Ϫ2.174 20 a.u., only 0.0023% above the HF value of Ϫ2.174 25 a.u. ͓37͔, indicating the accuracy of our calculations. For all the states, the present results with both exchange and correlation included match very closely the more sophisticated complex rotation calculations ͓36͔. We note that for the high-lying Rydberg states (nϾ10), the results of the three columns ͑X only, XC, and the best available literature data͒ are essentially identical. This is consistent with the fact that for Rydberg states the asymptotic long-range Coulomb potential ͑arising solely from the exchange interaction͒ is the dominant factor for electronic structure determination, and the electron correlation plays little role here. As n decreases, the deviations between the three results increase, since the electron correlation now plays an increasingly important role. For low n, our XC results fall slightly below the literature data, presumably because of the overestimation caused by the LYP correlation energy functional. However, in all cases, the discrepancy is no more than 0.0102%. It is gratifying that the present single-determinantal results are comparable to other more sophisticated ab initio calculations. Also, as n increases, the spacings between the states decrease and the present method reproduces that very well, a feature that was noticed earlier for core excitations and satellites ͓21,22͔ as well. It may be mentioned that for highly excited state calculations with large n, many quantum mechanical calculations encounter a common problem of selfconsistent convergence. However, in our calculations, we got converged results for all the states with the same set of grid parameters, including the number of points, reflecting the accuracy in the exchange potential and the GPS procedure employed. Also although we presented here results for n ϭ16, it is straightforward to extend to even higher states. Finally, even though the method is nonvariational, there is no anomaly in the ordering of the closely spaced energy levels. Now we present results for more than two-electron atoms. Table III presents results for the singly excited 1s 2 ns 2 S and 1s 2 np 2 P states of Li as well as the 1s 2 2sns 3 S and 1s 2 2s2 p 3 P states of Be. Again, the X-only results are fairly close to the HF results, errors ranging from 0.0057% to as low as 0.0001% for Be 1s 2 2s4 p 3 P. The Li doublet S states are quoted from the full-core-plus-correlation method with multiconfiguration interaction wave functions ͓39͔, while the doublet P states are quoted from the combined configuration-interaction-Hylleraas method ͓40͔. For Be, the literature data are quite scanty and the density-functional results compare quite satisfactorily with the multiconfiguration ͑24͔͒. For the odd-parity nsnЈp triplet states with n nЈ, literature results are available in the form of a (ϩ,Ϫ) classification ͓46͔, signifying the relative ͑in or out of phase͒ radial motion of the two electrons. However, the present scheme does not separately identify the (ϩ) and (Ϫ) states and the reported results for these states may be considered as an arithmetic mean of the two. For the even-parity 1 D and 3 P states arising from the np 2 configuration, literature data are quite scarce, and no results are available for high n. From Tables IV and V, we see that, while the accuracy of our doubly excited state calculations is not as good as that of singly excited states, the error for the former is still well within 3.6% overall. Table VI presents results for the single-and doubleexcitation energies for 31 selected states along with the literature data. These are calculated with respect to the present ground state energies of Ϫ2.903 84 and Ϫ14.667 49 a.u., for He and Be, respectively. Experimental results are quite scarce for double excitations. It is noticed that, for some cases, the calculated excitation energies fall below the experimental result. The present method is nonvariational, and consequently the variational restriction on the excited state being the lowest state of a given space-spin symmetry does not apply. The table also shows the single-electron KohnSham energies ͑obtained from the differences of Kohn-Sham eigenvalues͒ for single excitations for He and Be ͓5͔. Of course, the single-electron Kohn-Sham energies do not distinguish the multiplets. As observed, the excitation energies from the true Kohn-Sham potential for He and Be are quite good. However, it may be mentioned that the excitation energies obtained from other commonly used approximate density functionals ͓such as the local density approximation ͑LDA͔͒ have produced large errors ͓͑5͔; note that both the LDA and Becke ͓47͔ exchange potentials produced large er- 
IV. CONCLUSION
There have been many attempts ͓3,6͔ to calculate excited states of many-electron systems within DFT. Various attractive formalisms have been proposed; some of them are computationally difficult to implement and others produce large errors. In addition, it is not a straightforward task to extract the radial densities. Also, all the attempts so far have been restricted to single excitations. To the best of our knowledge, no results have been reported for multiple excitations so far except using the work-function formalism. The present methodology provides reasonably good results for the excited state energy, excitation energy, and radial densities for both single and multiple atomic excitations including the highlying states.
About 100 low-and high-lying singly excited states of He, Li, and Be and doubly excited states of He have been presented by using the work-function formalism within the nonrelativistic DFT framework. The numerical solution of the resulting KS equation by the accurate GPS method provides good results for the excited state energy, excitation energy, radial density, and expectation values for both single and multiple atomic excitations including the high-lying states. The single-determinantal approach offers nearly-HFquality results for the X-only case, and inclusion of the nonlinear gradient-corrected correlation potential leads to results quite comparable to other sophisticated theoretical and experimental data available in the literature. In conclusion, the work-function approach coupled with the GPS numerical technique is shown to be a simple and efficient scheme for the accurate calculation of multiply excited atomic Rydberg states within DFT.
